Abstract. We outline general concepts of oscillation stability and distortion for spaces with action of a topological transformation group, and survey a number of examples. We observe that the universal Urysohn metric space U (viewed as a homogeneous factor-space of its group of isometries) is oscillation stable, that is, for every bounded uniformly continuous function f : U → R and each ε > 0 there is an isometric copy U ′ ⊂ U of U, such that f | U ′ is constant to within ε. This stands in marked contrast to the unit sphere S ∞ of the Hilbert space ℓ 2 , which is a universal analogue of U in a class of spherical metric spaces, but has the distortion property according to a well-known result by Odell and Schlumprecht.
Introduction
Vitali Milman's seminal proof [22] of the famous Dvoretzky theorem on almost spherical sections of convex bodies [8] is based on the following property of the unit sphere S ∞ of the space ℓ 2 (which we call the Ramsey-Dvoretzky-Milman property in the spirit of Gromov [15] , 9.3): for every (bounded) uniformly continuous function f : S ∞ → R and each ε > 0 and natural N , there is a subspace H ⊂ ℓ 2 of dimension N such that osc (f |H ∩ S ∞ ) < ε. (Here osc (f |A), the oscillation of f on a set A, is sup A f − inf A f .)
Equivalently, for every f and ε > 0 as above and each finite subset F ⊂ S ∞ , there is a unitary operator u ∈ U (ℓ 2 ) with osc (f |uF ) < ε. In this form, the Ramsey-Dvoretzky-Milman ("R-D-M") property makes sense for every metric space equipped with an action of a group of isometries, and is closely related to a dynamical property called extreme amenability. A topological group G is extremely amenable [11] if every continuous action of G on a compact space has a fixed point. This is the case if and only if every homogeneous factorspace of G, equipped with an invariant metric, has the R-D-M property (cf. subsect. 2.3 below). For example, the unitary group U (ℓ 2 ) with the strong topology is extremely amenable [17] . This result has since become a part of a general pattern linking topological transformation groups, geometric functional analysis, and Ramsey theory, cf. [13, 26, 28, 14, 19, 10] . Extreme amenability is essentially a property of 'infinite-dimensional' groups, as no non-trivial locally compact group has it [12] .
A deep and difficult question of whether a subspace H ⊂ ℓ 2 as in the opening paragraph can be always chosen to have infinite dimension, asked by Milman [20] , was settled in the negative by Odell and Schlumprecht [25] . This is the surprising distortion property of the Hilbert space.
There is no presently known direct proof of it using the instrinsic geometry of the unit sphere of ℓ 2 . V. Milman has suggested to the author that perhaps a better understanding of the distortion property can be achieved by extending the concept to infinite-dimensional groups and their actions, as with the R-D-M property. Such an extension has been proposed in a recent joint investigation of the author with A.S. Kechris and S. Todorcevic [19] . The concept makes use of a classical observation by Dieudonné [7] : the completionĜ L of a topological group G with regard to the left uniform structure need not be a topological group. In general, it is only a topological semigroup and thus can have non-trivial right ideals.
Let a topological group G act continuously on a topological space X. We say that the topological transformation group (X, G) is oscillation stable if for every bounded continuous function f : X → G and every x 0 ∈ X, whenever the functioñ f (g) = f (gx 0 ) from G to R is left uniformly continuous, it is necessarily oscillation stable, that is, for every ε > 0 the extension,f off by continuity overĜ L has oscillation < ε on some right ideal J. If X is not oscillation stable, we say that X has distortion. For a metric space X upon which G acts transitively by isometries, oscillation stability implies the R-D-M property.
For the sphere S ∞ , equipped with the action of the unitary group U (ℓ 2 ) with the strong topology, the distortion in our sense corresponds precisely to the distortion property established by Odell and Schlumprecht. The discrete space [Q] k of all k-subsets of the rationals, with the action of the Polish group Aut (Q, ≤) of orderpreserving bijections of Q, is oscillation stable for k = 1 and has distortion for k ≥ 2, which captures the qualitative aspect of the second major manifestation of the same combinatorial phenomenon, Devlin's theorem [6] .
Verifying oscillation stability of all interesting concrete homogeneous spaces of topological groups is of course a vast enterprise. We mention a recent remarkable result by Hjorth [18] : every nontrivial (that is, G = {e}) Polish topological group G, acting upon itself by left translations, has distortion.
In particular, it makes sense to talk of oscillation stability of homogeneous metric spaces X equipped with the action of their isometry groups. This property becomes especially easy to state if X is ultrahomogeneous, that is, every isometry between finite subspaces extends to a global isometry of X. Such an X is oscillation stable if and only if for every bounded uniformly continuous function f : X → R and every ε > 0 there is an isometric copy X ′ ⊂ X with osc (f |X ′ ) < ε. In addition to the sphere S ∞ , one of the most interesting ultrahomogeneous spaces known is the Urysohn universal separable metric space U, which was introduced in [32] and has received much attention recently [33, 34, 16, 27, 35, 3, 5] . We show that the Urysohn space U is oscillation stable, which follows from a known combinatorial property of the random graph [29, 9, 4] . This indicates at a surprising and perhaps significant difference between the metric geometry of U and that of the sphere S ∞ , all the more intriguing because the sphere can be considered as a perfect analogue of the Urysohn universal space in the class of spherical metric spaces of diameter ≤ π (with geodesic distance) [2] .
2. Ramsey-Dvoretzky-Milman property and extreme amenability 2.1. Uniformities. The right (or right-invariant) uniform structure on a topological group G, denoted by U R (G), has as the basis of entourages sets of the form V R = {(x, y) ∈ G × G : xy −1 ∈ V }, where V is a neighbourhood of identity in G. The left(-invariant) uniformity, U L (G), has for basic entourages the sets
For a uniform space (X, U), denote by C * U the finest totaly bounded uniformity coarser than U. The completion, σX, of the uniform space (X, C * U) is the Samuel compactification of X. In particular, the Samuel compactification, S(G), of the right uniform space of G or, which is the same, the maximal ideal space of the C * -algebra RUCB (G) of all right uniformly continuous bounded complex-valued functions on G, is known as the greatest ambit of G. This is the largest compactification of G upon which G acts continuously. For every compact G-space X and any x 0 ∈ X there is a unique morphism of G-spaces S(G) → X, taking the distinguished point, e ∈ G ⊂ S(G), to x 0 . See [1] .
2.2. Finite oscillation stability. The following concept belongs to V.Milman [20, 21] , cf. also [23] , though the terminology we use is of later origin (cf. [25] ).
Definition 2.1. Let a group G act by uniform isomorphisms on a uniform space X. A uniformly continuous function f from X to a metric space Y is finitely oscillation stable if for every ε > 0 and every finite F ⊂ X there is a g ∈ G with osc (f |gF ) < ε, (1) The pair (X, G) has the Ramsey-Dvoretzky-Milman property.
(2) Every bounded 1-Lipschitz real-valued function on X is finitely oscillation stable. (3) For each n ∈ N, every bounded 1-Lipschitz function on X with values in ℓ ∞ (n) is finitely oscillation stable. (4) Every bounded uniformly continuous function on X with values in a finitedimensional Euclidean space is finitely oscillation stable. (5) For every finite F ⊂ X and every entourage V ∈ C * U X , where U X is the metric uniformity on X, there is a g ∈ G such that gF is V -small:
For every finite metric subspace F ⊂ X and every ε > 0, there exists a finite subspace K ⊂ X such that for every 1-Lipschitz function f : K → R with f sup ≤ 1 there is a g ∈ G with gF ⊂ K and osc (f |gF ) < ε.
Proof.
(1) =⇒ (2): trivial.
(2) =⇒ (6): Assume there are a finite F ⊂ X and an ε > 0 such that every finite K ⊂ X admits a 1-Lipschitz function f K : K → R, bounded by 1 and whose oscillation on every left translate of F contained inside K (provided there are any) is ≥ ε. We will show that (2) does not hold. Unless X is finite (in which case the conclusion is obvious), choose a free ultrafilter ξ on the partially ordered (by inclusion) family P <ω (X) of all finite subsets K of X, containing all intervals of the form [K, +∞). Define a function f : X → R by f (x) = lim K→ξ f K (x). This f is 1-Lipschitz, of sup-norm ≤ 1, and its oscillation on every left translate of F is ≥ ε.
(6) =⇒ (3): let f = (f 1 , f 2 , . . . , f n ) : X → ℓ ∞ (n) be a 1-Lipschitz function, where we can also assume f ∞ ≤ 1, let F ⊂ X be finite, and let ε > 0. Using (6), choose recursively finite subspaces K i ⊂ X, i = 0, 1, . . . , n, so that K 0 = F and for every i = 0, 1, . . . , n − 1 and every 1-Lipschitz φ : K i+1 → R with φ ∞ ≤ 1 there is a g ∈ G with gK i ⊂ K i+1 and osc (φ|gK i ) < ε. Now choose recursively elements g 1 , . . . , g n ∈ G in such a way that g i K n−i ⊂ K n−i+1 , osc (f 1 |g 1 K n−1 ) < ε, and osc (f i • (g 1 g 2 . . . g i−1 )|g i K n−i ) < ε. As a consequence, for all i = 1, 2, . . . , n one has osc (f i |g 1 . . . g i K n−i ) < ε and, since g i+1 . . . g n F ⊆ K n−1 , also osc (f i |g 1 g 2 . . . g n F ) < ε.
(3) =⇒ (5): choose an ε and a finite cover γ of X such that the cover by ε-neighbourhoods of elements of γ is subordinated to the entourage V , and apply (3) to the collection of functions f A (x) = max{1, d(A, x)}, A ∈ γ.
(5) =⇒ (4): follows from the fact that for a bounded uniformly continuous function f : X → ℓ 2 (n) and an ε > 0, the entourage
Example 2.4 (V. Milman [20, 21] ). The sphere S ∞ , equipped with the action of the unitary group U (ℓ 2 ), has the R-D-M property, which fact is deduced by using concentration of measure.
Example 2.5 (V. Pestov [26] ). Let Aut (Q, ≤) denote the group of all order-preserving bijections of the rationals. Denote by [Q] n the set of all n-subsets of Q, equipped with the discrete ({0, 1}-valued) metric. Endowed with the standard action of Aut (Q, ≤), the metric spaces [Q] n have the R-D-M property, which fact is equivalent to the classical Finite Ramsey Theorem by (6).
Extreme amenability.
Definition 2.6. A topological group G is extremely amenable if every continuous action of G on a compact space admits a fixed point.
Remark 2.7. Known extremely amenable groups include the unitary group U (ℓ 2 ) with the strong operator topology [17] , Aut (Q, ≤) with its unique Polish topology (that of simple convergence on Q considered as a discrete space) [26] , the group Homeo + [0, 1] of all orientation preserving homeomorphisms of the closed unit interval with the compact-open topology (ibid.), groups of measure and of measure class preserving automorphisms of the standard Lebesgue measure space with the weak topology [10] . For more examples, see [13, 27, 28, 19, 10] . Theorem 2.8. A topological group G is extremely amenable if and only if, whenever G acts on a metric space X continuously and transitively by isometries, the pair (X, G) has the R-D-M property.
Proof. Obviously, G is extremely amenable if and only if the greatest ambit S(G) has a fixed point, which, by a simple compactness argument, is equivalent to the following: for every finite collection g 1 , . . . , g n ∈ G, every finite set of functions f 1 , . . . , f k ∈ RUCB (G), and each ε > 0, there is a x ∈ G such that |f j (x) − f j (g i x)| < ε for all i, j. An equivalent condition: for each n, every bounded left uniformly continuous function f : G → ℓ ∞ (n) is finitely oscillation stable. Every bounded LUC function f on G factors through a suitable left factor-space of the form G/H, where H = {g ∈ G : d(g, e) = 0} for some continuous left-invariant pseudometric d on G, and G/H is equipped with the metric,d, canonically associated to d. Since every metric space X on which G acts continuously and transitively by isometries is of the form (G/H,d) as above, the result follows from Th. 2.3. 2(a) ), but not necessarily a topological group, as was first noted by Dieudonné [7] . In fact, this is typically the case for 'infinite-dimensional' groups G. For a metric space X equip the group Iso(X) of all isometries of X with the topology of simple convergence (which coincides with the compact-open topology). Denote by Emb(X) the semigroup of all isometric embeddings X ֒→ X, equipped with the topology of simple convergence. Recall that a metric space is ultrahomogeneous if every isometry between two finite subspaces of X extends to an isometry of X with itself. Proposition 3.4. If X is a complete metric space, then the left completion of Iso(X) is topologically isomorphic to a subsemigroup of Emb(X). If in addition X is ultrahomogeneous, then Iso(X) L is isomorphic to Emb(X).
Proof. The uniform structure on Emb(X) given by entourages
where ε > 0 and F ⊂ X is finite, is compatible with the topology, invariant under left translations, and its restriction to G is U L (G). With regard to this uniformity, Emb(X) is complete. [If (τ F,ε ), where |F | < ∞ and ε > 0, is a Cauchy net, then for each x ∈ X the sequence τ {x},1/n (x), n ∈ N + is Cauchy in X. Denote its limit by τ (x). Then τ is an isometry of X into itself, and τ F,ε → τ .] Consequently, the closure of Iso(X) in Emb(X) is isomorphic, both as a semigroup and as a uniform space, to Iso(X) L . Assuming X is ultrahomogeneous, it is easy to see that Iso(X) is everywhere dense in Emb(X).
Remark 3.5. Given a topological group G acting continuously by isometries on a complete metric space X, we will henceforth associate to each τ ∈Ĝ L an isometric embedding X ֒→ X, denoted by the same letter τ .
Factor-spaces.
If H is a subgroup of G, then the left (right) uniform structure on G/H is, by definition, the finest uniform structure making the map G → G/H uniformly continuous with regard to U L (G), respectively U R (G). (See [30] .) Example 3.6. Fix a point ξ ∈ S ∞ ('north pole'), and let St ξ = {u ∈ U (ℓ 2 ) : u(ξ) = ξ} be the isotropy subgroup of ξ. Under the natural identification of U (ℓ 2 )/St ξ with the unit sphere S ∞ ⊂ ℓ 2 , the left uniform structure on S ∞ is the norm uniformity, while U R (S ∞ ) is the additive weak uniformity.
Example 3.7. For a natural k, the set [Q] k of k-subsets of the rationals can be identified with a factor-space of Aut (Q, ≤) by the isotropy subgroup stabilizing a chosen k-subset. The left uniformity on [Q] k is discrete (contains the diagonal).
3.3. Oscillation stability. The following definition, proposed in [19] , is modelled on a concept introduced by V.Milman [21] , though an extension to topological transformation groups is less evident here than for finite oscillation stability. (Again, we adopt a later terminology [25] .) Definition 3.8. Let G be a topological group, and let f : G → Y be a uniformly continuous function with values in a metric space. Say that f is oscillation stable if for every ε > 0 there is a right ideal I of the semigroup G L with the property
wheref is a unique extension by uniform continuity of f to the completionĜ L .
Remark 3.9. The ideal I can be assumed closed without loss in generality. Proof. Let x ∈ I. The bounded function f 1 on G given by f 1 (g) = f (xg) is easily seen to be left uniformly continuous, so there is a y ∈Ĝ L with osc ( f 1 |yĜ L ) < ε, therefore osc (f |xyĜ L ) < ε as well.
Definition 3.11. Let a topological group G act continuously on a topological space X. Say that the topological transformation group (G, X) is oscillation stable if for every bounded continuous real-valued function f on X and every x 0 ∈ X, if the function G ∋ g → f (gx 0 ) is left uniformly continuous, then it is oscillation stable.
Remark 3.12. A homogeneous space G/H is oscillation stable if and only if for every bounded left uniformly continuous function f on G/H the composition f • π with the factor-map π : G → G/H is oscillation stable on G.
Remark 3.13. Let a topological group G act continuously and transitively by uniform isomorphisms on a uniform space X. If X is oscillation stable, then it is easy to see that X has the R-D-M property.
Lemma 3.14. Let a topological group G act continuously by isometries on a complete metric space X. Then a function f : X → Y is oscillation stable if and only if for every ε > 0 there is a τ ∈ Iso(G)
Proof. The closure of the set of values of f on τ (X) is the same as the closure of set of values of the extension of the LUC functionĜ L ∋ σ → f (σx 0 ) on the right ideal τ G, no matter what x 0 ∈ X is. Theorem 3.15. Let a topological group G act on a complete metric space X continuously and transitively by isometries. The following are equivalent.
(1) The pair (X, G) is oscillation stable.
(2) Every bounded real-valued 1-Lipschitz function f on X is oscillation stable.
(3) Every bounded 1-Lipschitz function f on X with values in a finite-dimensional normed space is oscillation stable. (4) For every finite cover γ of X and every ε > 0, there are g ∈Ĝ L and A ∈ γ such that g(X) is contained in the ε-neighbourhood A ε of A.
(2) =⇒ (3): let f = (f 1 , f 2 , . . . , f n ), where we can assume without loss in generality each f i to be 1-Lipschitz. Recursively choose elements g 1 , g 2 , . . . , g n ∈Ĝ L so that at each step i the oscillation on g 1 g 2 . . . g i (X) of the function f i is < ε. (Equivalently, the oscillation of the 1-Lipschitz function f
. . g n and notice that osc (f i |g(X)) < ε for all i.
(3) =⇒ (4): an application of (3) to the collection of distance functions f A (x) = d(A, x), A ∈ γ gives the existence of a g ∈Ĝ L with each f A being ε-constant on g(X), and as g(X) ∩ A 0 = ∅ for at least one A 0 ∈ γ, one has g(X) ⊂ (A 0 ) ε .
(4) =⇒ (1): let ε > 0 and let f : X → R be bounded uniformly continuous. Fix a δ > 0 with |f (x) − f (y)| < ε/2 whenever d(x, y) < δ, and cover the range of f with finitely many intervals J i of length < ε/2 each. Now apply (4) to the cover of X with sets f −1 (J i ) and to the number δ.
Corollary 3.16. For a complete ultrahomogeneous metric space X the following are equivalent.
(1) Acted upon by the isometry group Iso(X) with the topology of simple convergence, X is oscillation stable. (2) For every bounded 1-Lipschitz function f : X → R and every ε > 0, there is an isometric copy X ′ ⊂ X of X such that osc (f |X ′ ) < ε. (3) For every finite cover γ of X and every ε > 0, the ε-neighbourhood of some A ∈ γ contains an isometric copy of X.
Examples.
Example 3.17 (Distortion property of the Hilbert space). The unit sphere S ∞ , considered as a metric space with the action of the unitary group U (ℓ 2 ), has distortion in the above sense, which is equivalent to the classical concept [25] by Corol. 3.16.
Example 3.18 (Devlin's theorem [6] , see also [31] ). For every k ≥ 1 there is a colouring c k of all k-subsets of the rationals with t k colours (where t k is the k-th tangent number, t 1 = 1, t 2 = 2, t 3 = 16, t 4 = 272, . . . ; t k ↑ ∞) such that for every X ⊆ Q order-isomorphic to Q and every 1 ≤ t ≤ t k there exists {x 1 , . . . , x k } ⊆ X such that c k (x 1 , . . . , x k ) = t. The bound t k is exact.
It follows that the Aut (Q, ≤)-space [Q] n has distortion property for n ≥ 2, while
1 is oscillation stable.
Example 3.19. The pair (Homeo + (I), I) is oscillation stable (easily checked directly).
Remark 3.20. A remarkable recent result by Hjorth [18] states that no Polish group G is oscillation stable if viewed as a left G-space. It is unclear to us if Hjorth's argument can be generalized so as to prove that no non-trivial topological group is oscillation stable.
4. Urysohn's universal metric space 4.1. The Urysohn space. The Urysohn metric space U is a complete separable metric space, which is ultrahomogeneous and universal (contains an isometric copy of every separable metric space). These conditions determine U uniquely up to an isometry. Alternatively, U is a unique complete separable metric space with the following extension property: if A is a finite metric subspace of U and B = A∪{b} is a one-point metric extension of A, then the embedding of A extends to an isometric embedding of B into U. See [33, 34, 16, 3, 35] . A countable analogue of U, the rational Urysohn metric space U Q , was introduced by Urysohn himself [32] , cf. also [19, 35, 16, 5] . The distances between points in U Q take rational values, the space is ultrahomogeneous and contains an isometric copy of every countable metric space with Q-valued distances. These conditions determine U Q uniquely up to an isometry. Alternatively, U Q can be described by a finite subspace extension property. The metric completion of U Q is isometric to the Urysohn space U.
4.2.
The random graph. The random graph R [29, 9, 4, 35] is a graph on countably many vertices, which is ultrahomogeneous (that is, every bijection between finite sets of vertices that induces an isomorphism of induced graphs, extends to an automorphism of R) and universal (contains every countable graph as an induced subgraph). Again, these conditions determine R uniquely up to an isomorphism. . If the vertex set of R is partitioned into a finite number of parts, then the induced subgraph on one of these parts is isomorphic to R.
The only countable graphs with this property are the complete and null graphs and R (Prop. 3.4, ibid.) Example 4.2. Let ε > 0. Denote by U εZ the path metric space associated to the random graph R weighted so that every edge has weight ε. Then it is easy to see that the metric space U εZ is universal in the class of all metric spaces whose distances take values in εZ. In particular, U εZ is ultrahomogeneous and has the finite extension property for all metric spaces with εZ-valued distances. Cf. [16] , pp. 83-84, and also [35] . Corollary 4.3. If the metric space U εZ is partitioned into a finite number of subspaces, then one of them is isometric to U εZ .
Corollary 4.4. Every metric space U εZ , ε > 0 is oscillation stable.
4.3.
Approximation and oscillation stability of U.
Lemma 4.5. Let X 1 ⊂ X 2 ⊂ . . . X n ⊂ . . . be an increasing chain of metric spaces such that X n is isometrically isomorphic to U m −1 n Z , where (m n ) is a sequence of integers with the property that for every k ∈ N + , one has k | m n for all n large enough. Then the metric space X = ∪ n∈N X n is isometric to the universal rational Urysohn metric space U Q .
Proof. Let A ⊂ X be a finite subspace and let B = A ∪ {b} is a one-point metric extension of A with rational distances. Let n so large that A ⊂ X n and all denominators of values of distances between elements of B divide m n . Then B ′ embeds into X n isometrically, extending the isometric embedding of A. Theorem 4.6. If the rational Urysohn metric space U Q is partitioned into finitely many subspaces, then one of them is isometric to U Q .
Proof. For an n ∈ N + , let R /n denote the graph (and the associated path metric space) obtained from R by replacing each edge with a path of length n. If we consider R /n as a path metric space where every edge is given weight of ε/n, then U εZ embeds into R /n isometrically. Because of the universality of the random graph, R /n embeds as an induced subgraph into a copy of R which we denote R ′ . Putting a weight ε/n on each edge of R ′ , we get an isometric embedding R /n ֒→ U (ε/n)Z and consequently U εZ ֒→ U (ε/n)Z . Proceeding recursively, construct a chain of isometric embeddings According to Lemma 4.5, the union is isometrically isomorphic to U Q . Let γ be a finite cover of U Q . By force of Corol. 4.3, there is an A ∈ γ with the property that for infinitely many values of n ∈ N the subspace A ∩ U
(1/n!)Z is isometric to U
(1/n!)Z . By Lemma 4.5, A is isometric to U Q .
Corollary 4.7. The Urysohn universal metric space U is oscillation stable.
Proof. The space U contains U Q as an everywhere dense subspace. If γ is a finite cover of U, then for some A ∈ γ the metric subspace A ′ = A ∩ U Q is isometric to U Q , and so the closure of A ′ in U is isometric to U. This closure is contained in the ε-neighbourhood of A for every ε > 0, and so by Corol. 3.16 we are done.
Remark 4.8. It was shown in [27] , using concentration of measure, that the isometry group Iso(U) is extremely amenable, in particular U has the R-D-M property. See [19] for another proof, based on a Ramsey-type result due to Nesetril [24] .
